We study a string-inspired cosmological model from the symmetries point of view. We start by deducing the form that each physical quantity must take so that the field equations, in the string frame, admit self-similar solutions. In the same way, we formalize the use of power-law solutions (less restrictive than the self-similar ones) by studying the wave equation for the dilaton through the Lie group method. Furthermore, we show how to generate more solutions by using this approach. As examples, we calculate exact solutions to several cosmological models in the four-dimensional NS-NS (Neveu-Schwarz-Neveu-Schwarz) sector of low-energy effective string theory coupled to a dilaton and an axion-like H-field within the string frame background, with FRW and the Bianchi Type II metrics. We also study the existence of Noether symmetries, which allow us to determine the form of the physical quantities in the framework of FRW geometry and to find exact cosmological solutions.
Introduction
It is widely accepted that the classical or the modified gravitational theories break down near the initial singularity, when high energy phenomena are involved. In this way, it is necessary to develop new theories or models that are able to explain such phenomena. One such theory is the superstring theory, becoming a good candidate to unify all of the fundamental interactions, including the gravity [1, 2] . We know five superstring models, the so-called: I, I I A, I IB, E 8 × E 8 heterotic and SO(32) heterotic, and there is now evidence that all of them are related, being different manifestations of a more fundamental theory known as M-theory [3] .
The cosmological implications of superstring theory are currently attracting a great deal of attention. The starting point in any analysis is the low energy limit, since the theory predicts a classical gravitational interaction [4] . This gravitational theory differs from general relativity, in that it predicts the existence of a scalar field, known as the dilaton φ, and its potential V, the graviton, that is, the metric tensor and the antisymmetric tensor field strength H µνλ , which is a three-form, known as the Kalb-Ramond field.
The study of the cosmological consequences of superstring theory is quite important since the interactions of these fields permit us to obtain great deviations from the conventional gravitational models, i.e., the standard hot Big-Bang model (SHBB). This is why it is important to study whether the string models lead us to realistic cosmological scenarios that can explain the initial inflation, as well as other cosmological puzzles, as the large-scale structure formation or whether the cosmological solutions isotropize and/or homogenize towards the future.
Another important issue of the theory is motivated by the pre-Big-Bang scenarios [5] , that is by the search of cosmological solutions that verify the symmetry a(t) → a −1 (−t) [6] , being a(t) the scale factor of the metric. Such a property is known as T-duality.As it has been pointed out in [6] , if we do not take into account the potential V, then the resulting field equations (FE) are invariant under the transformation a(t) →â(t) = a −1 (−t). However, if we assume a non-zero potential, V = 0, in general, potential or the dilaton field. In particular, we are interested in studying whether self-similar solutions exist and how must each physical quantity behave in order that the FE admit such a class of solutions. We formulate and prove very general theorems, valid for all of the Bianchi models, as well as for the flat FRW one. In the same way, we formalize the use of power-law solutions (less restrictive than the self-similar ones) by studying the wave equation for the dilaton through the Lie group method. We also show how to use this approach in order to generate more solutions. Furthermore, we study the existence of Noether symmetries in order to determine the form of the potential, as well as to find exact solutions in the framework of the flat FRW geometry.
The paper is organized as follows. In Section 2, we introduce the low energy equations of motion in the string frame. We concentrate on four-dimensional cosmological models and describe the complete set of field equations taking into account a homogeneous H-field. In Section 3, we state and proof a theorem, where we determine the exact form that each physical quantity may take in order that the FE admit exact self-similar solutions through the matter collineation approach. In Section 4, we formalize the use of power-law solutions (that is, the scale factor(s) behave(s) as a i (t) = t a , a ∈ R) by studying the wave equation for the dilaton through the Lie group method. We also show how to generate other solutions by using this approach. In Section 5, we study some examples by considering two metrics, the flat FRW and Bianchi Type II. For each metric, and working in the string frame, we find exact solutions to several cosmological scenarios where we take into account the interaction between the different fields, that is the dilaton with the potential, the H-field and the graviton. In Section 6, we explore the Noether symmetry approach to determine the form of the physical quantities in the case of the FRW geometry. In the particular case being studied, we are able to calculate a complete general solution of the field equations. Section 7 is devoted to summarizing the conclusions. In the Appendix, we prove that the matter conservation is verified.
Field Equations
The action in four-dimensional spacetime from the low energy limit of string theory [19] [20] [21] [22] [23] [24] is deduced by assuming a Ricci-flat compactification of the internal (D − 4)-dimensional space decoupled from our four-dimensional spacetime [25] [26] [27] and adding the matter Lagrangian L m , which is decoupled from the dilaton field in the string frame; therefore, we start by considering the following action for strings in D-dimensions [4, 6] :
being κ 2 = 8πG a coupling constant. φ is the dilaton field determining the strength of the gravitational coupling, R is the scalar curvature and H αβδ , the Kalb-Ramond field, is the completely antisymmetric tensor field strength defined by H = dB, where B is a rank-two antisymmetric tensor. L matter stands for the Lagrangian for the matter (a perfect fluid in this case). We also consider the potential V, and we assume that V = V(φ).
The variation of this action with respect to the g µν , B µν and φ, respectively, yields the field equations: 
with:
note that T µν is the energy-momentum tensor derived from the matter Lagrangian (L matter ). Equation (4) may be replaced by the following one:
since:
In four dimensions, every three-form can be dualized to a pseudoscalar. Thus, an appropriated ansatz for the H-field is:
where µνλκ is the antisymmetric four-form (obeying ∇ ρ µνλκ = 0) and h = h(t) is the Kalb-Ramond axion field. Then, the FE Equation (3) is satisfied automatically, and from the Bianchi identity dH = 0 for the antisymmetric field strengths, H αµν becomes the equation of motion for the scalar field h as (see [4, [28] [29] [30] [31] 
thus h evolves as a massless scalar field coupled to the dilaton. In this paper, we consider that the matter content is described by a perfect fluid (PF), whose energy-momentum tensor is defined by: (15) where ρ is the energy density of the fluid, p the pressure, and they are related by the equation of state p = γρ, (γ ∈ (−1, 1]), and u µ = (1, 0, 0, 0) is the four-velocity.
Self-Similarity Solutions: Matter Collineation Approach
Our purpose will be to determine the exact form that must follow each physical quantity in order for the field equations to admit self-similar (power-law) solutions. We shall use two tactics, the matter collineations approach, which guarantees us the existence of self-similar solutions, while with the Lie groups method (LGM), we study the existence of power-law solutions (less restrictive than the self-similar condition). Nevertheless, the LGM allows us to obtain more solutions, as we shall show in the next section. We begin by studying the field equations through the matter collineation approach following the method developed in a previous paper (see [32] ).
In general relativity, the term self-similarity can be used in two ways. One is for the properties of space-times; the other is for the properties of matter fields. These are not equivalent in general. The self-similarity in general relativity was defined for the first time by Cahill and Taub [33] and Eardley [34] (see, for general reviews, [9, 35] ). Self-similarity is defined by the existence of a homothetic vector field V in the spacetime, which satisfies: (16) where g µν is the metric tensor, L V denotes Lie differentiation along the vector field V ∈ X(M) and α is a constant. This is a special type of conformal Killing vector. This self-similarity is called homothety. If α = 0, then it can be set to be unity by a constant rescaling of V. If α = 0, i.e., L V g ij = 0, then V is a Killing vector. Homothety is a purely geometric property of spacetime, so that the physical quantity does not necessarily exhibit self-similarity, such as L V Z = kZ, where k is a constant and Z is, for example, the pressure, or the energy density, and so on. From Equation (16) , it follows that L V R α µνλ = 0, and hence, L V R µν = 0 and L V G µν = 0. A vector field V that satisfies the above equations is called a curvature collineation, a Ricci collineation and a matter collineation, respectively. It is noted that such equations do not necessarily mean that V is a homothetic vector. For example, if we consider the Einstein equations G µν = 8πGT µν , where T µν is an effective stress-energy tensor, then if the spacetime is homothetic, the energy-momentum tensor of the matter fields must satisfy L V T ij = 0; nevertheless, in this work, we are not interested in finding the set of vector fields V ∈ X(M) that verify such an equation, otherwise, knowing that the homothetic vector field (HVF) H (see for example [9] ), that is L H g µν = 2g µν , then H is also a matter collineation, i.e., L H T µν = 0, then we use this fact to determine the behavior of the main physical quantities in order that the field equations admit self-similar solutions (see [35] ).
Therefore, we calculate:
where H is a homothetic vector field (HVF), i.e., it verifies the equation: L H g µν = 2g µν , for some metric and where T eff µν is the effective stress-energy tensor. For this purpose, we have shown in [32] that it is enough to calculate L H (i) T µν = 0, for each component of the stress-energy tensor. For simplicity, and without lost of generality, we consider an FRW metric; thus, the HVF yields (see, for instance, [36] ):
where a 1 ∈ R is a numerical constant, while for example, the HVF for the BII metric yields:
with a 1 , a 2 , a 3 ∈ R. We may do such simplification because, as we have shown in [32] , all of the physical quantities are homogeneous, that is they only depend on time t, then, the unique equation of L
(i)
H T µν = 0, that is interesting for us, is the one corresponding to the temporal coordinate t∂ t . For this reason, the theorems that we are going to state are absolutely general for all of the Bianchi types and the FRW one.
We determine the exact form that each physical quantity must take in order that the FE admit SS solutions in the string frame. To do that, we study the effective stress-energy tensor through the matter collineation approach. (2)- (5)) admits SS solutions if the physical quantities take the following form:
Theorem 1. The FE (Equations
Proof. We split the effective stress-energy tensor into the following components:
In the string frame, we calculate the following equations (L
Note that our matter collineation vector field is the homothetic one, this means that the scale factor behaves as a = a 0 t a 1 , a 0 = 1 and a 1 ∈ R + . Thus, from Equation (25), we get:
and taking into account that the scale factor must behave as a = a 0 t a 1 , then we get:
but within the framework of SS solutions, we choose the particular solution φ = φ 0 ln t, by setting C 1 = 0, without lost of generality. From Equation (27), we get:
where Λ = V 0 is an integration constant, while from Equation (26):
where we may set h 1 = 0, within the SS framework. To end, we calculate the behavior of the energy density, finding that:
Therefore it is possible to find SS solutions if the main quantities behave as follows:
as it is required. The constants ρ 0 , φ 0 , h 0 , h 1 and Λ are determined by solving the FE.
Lie Groups
We have proven how each physical quantity must behave under the hypothesis of self-similarity. In the next section, we shall see that sometimes this condition results in being very restrictive, and for this reason, we may only be interested in finding power-law solutions. In order to try to generalize the self-similar results, we go next to work under the hypothesis of the power-law solution for the scale factor(s) (less restrictive than the self-similar hypothesis). To do that, we study through the Lie group method the wave equation for the dilaton.
Roughly speaking, a symmetry, X = ξ(x, y)∂ x + η(x, y)∂ y , of a differential equation is an invertible transformation that leaves it form-invariant. By applying the standard Lie procedure (see, for instance, [16, 37, 38] ), we need to solve the following overdetermined system of linear partial differential equations for η and ξ (from the extended infinitesimal or prolonged transformations), which allows us to determine the set of the symmetries admitted by Equation (4) .
Equation (4) is of the general form.
) (see below for details). We are going now to apply all of the standard procedures of Lie group analysis to this equation (see [37] for details and notation). A vector field X:
is a symmetry of Equation (34) if:
Thus, our approach consists of imposing a particular symmetry and deducing the exact form that acquires the unknown functions, that is φ, V and h, by solving the system of PDEs (Equation (36)). The imposed symmetry induces a change of variables, which usually reduces Equation (34) to an integrable ODE. However, sometimes, it is not possible to find a solution of such an ODE; for this reason, the knowledge of one symmetry X might suggest the form of a particular solution as an invariant of the operator X, i.e., a solution of dt/ξ(t, φ) = dφ/η(t, φ). This particular solution is known as an invariant solution (generalization of similarity solution).
Therefore, we study the equation:
that we rewrite as follows:
where
Compare Equation (38) to Equation (60) for the FRW model and to Equation (82) for the Bianchi Type II model. (2)- (5)) admit power-law solutions if the physical quantities take the following form:
Theorem 2. The FE (Equations
Proof. By studying through the LG method Equation (38), we get:
Now, we impose the symmetry [ξ = at, η = 1] , a ∈ R, which brings us to get the following restrictions on the potential, V, and the other quantities θ, R and h. From Equation (41), we obtain:
and splitting Equation (42):
so:
Therefore, we have obtained the following solutions:
where c, r, φ 0 , C i ∈ R. By taking into account physical and dimensional considerations, we reach the following results:
For example, by setting C 2 = 0, we conclude that a particular solution for the potential function is given by:
where V 0 is an integration constant; in this way, we obtain a decreasing potential, and to obtain V ≈ t −2 , since G µν ≈ t −2 and therefore, each component of the FE must behave as ≈ t −2 . Now, by introducing these results into Equation (38) , it reads:
where the symmetry [at, 1] induces the following change of variables,
getting in this way an Abel equation:
, which has no solution. Therefore, the invariant solution, induced by the symmetry, of Equation (52) is:
which is a particular solution of Equation (52). Therefore, the invariant solution coincides with the homothetic one.
In order to show how useful this tactic is, we may consider another symmetry, for example [a, 1] , a ∈ R. Therefore, following the same steps as in the above proof, we get from Equation (41):
and splitting Equation (42), we get:
in this way, we get the following invariant solution:
where a, r, φ 0 , C i ∈ R, and from physical considerations, we set:
where the solution θ = const, lead us to obtain:
note that this solution verifies the T−duality symmetry property a(t) → a −1 (−t) . Now, we try to find a general solution for the dilaton from the WEEquation (38); thus:
where φ = φ 0 t is a particular solution. For simplicity, in the FRW case, see below for details, we find that:
and therefore, we obtain as the solution:
, with γ ∈ (−1, 1]. Therefore, this solution is inflationary, q = −1, verifies the T−duality property and has a constant potential, V = V 0 .
Examples
Once we have determined which is the behavior of each physical quantity, we go next to study some particular examples working in the string frame. We have chosen this frame for working since in the presence of matter, the frame change of metric makes the dilaton field φ couple with matter fields differently depending on their spins and the matter energy-momentum tensors to be non-trivial functions of the dilaton field. Thus, we use the fundamental string frame as it is in the action Equation (1) [39] .
As the first example, we consider flat homogeneous an isotropic FRW metric, while for the second one, we take into account the homogeneous, but anisotropic Bianchi Type II metric. We consider some different cosmological scenarios by taking into account the different fields, the dilaton, the potential, a homogeneous H-field (H µνλ ) and the matter field. We start by considering only the dilaton and go next to study more complex situations. We shall work only in the string frame, outlining the FE and calculating the exact self-similar solutions to each model.
Models with the Flat FRW Metric
For the usual flat FRW metric:
with a(t) = t a 1 , a 1 ∈ R (since we are working under the SS hypothesis), we find the following FE in the string frame:
H = a a , and
and the conservation equation for the matter field:
where θ = u i ;i , u i = (1, 0, 0, 0). Recall that the main physical quantity behaves as follows:
note that from Equation (62) and ρ = ρ 0 t −(φ 0 +2) , we obtain the following relationship between the coefficients: a 1 (1 + γ) = (φ 0 + 2) . We would like to emphasize that it is also possible to enlarge this study to the non-flat FRW models, but with the drawback that in these cases, the self-similar solution is only valid for the value of the equation of state (EoS) γ = −1/3. We have found the following exact solutions for the next string cosmological models:
(1) We begin by taking into account only the dilaton field; thus, the effective stress-energy tensor is defined by: eff T µν = (φ) T µν , neglecting the influence of other fields. In this case, the field equations are greatly simplified:
We found the following solution:
This solution has been found by many authors (see, for instance, [40, 41] ). In this paper, we are only interested in studying the solutions for t ∈ R + . We see that the deceleration parameter is: q = √ 3 − 1 > 0, so the solution is not inflationary. Note that φ 0 > 0; thus, the function e φ is unbounded as t ∈ R + . (2) Now, we consider the effective stress-energy tensor defined by: eff T µν = (φ) T µν + (V) T µν ; that is, our model considers the dilaton and the potential. The solution is the following one:
where:
note that a = t a 1 (as t ∈ R + ) has only physical meaning if φ 0 ∈ (0, 2) . As we can see, the potential is positive, that is the constant Λ > 0 iff φ 0 ∈ (0.732, 2) and Λ < 0 iff φ 0 ∈ (−2.732050808, 0) ∪ (0, 0.732) , ruling out of our analysis the case φ 0 = 0, since Λ = 0 as φ 0 = 0. The deceleration parameter is: q = 2 (1/φ 0 − 1) noting that q < 0 if φ 0 ∈ (1, 2) . Since we are only interested in the case t ∈ R + , we conclude that the solution has physical meaning when φ 0 ∈ (0.732, 2) , in such a way that Λ > 0, and the solution is inflationary if φ 0 ∈ (1, 2). Note that when φ 0 ∈ (0.732, 2), then the function e φ is unbounded. (3) If we consider the dilaton and the Kalb-Ramond field, i.e., the effective stress-energy tensor is defined by eff T µν = (φ) T µν + (H) T µν , then we find the following solution:
noting that h 0 ∈ C, that is h 0 is a pure imaginary number. We may observe that the equation for h, Equation (59), leads us to get the result a 1 = 1/3, for the scale factor parameter. We consider that the solution lacks any physical interest since h 0 ∈ C. (4) For this model, the effective stress-energy tensor is defined as follows:
The solution is the following one:
from the expression for the parameter h 0 , we deduce that φ 0 ∈ (−∞, 1/2) \ {0} , otherwise h ∈ C, as in the above case, that is if φ 0 > 1/2, then h ∈ C. With regard to the potential, we note that V > 0 ⇐⇒ φ 0 ∈ (−∞, 0) ∪ (2/3, ∞) and, therefore, V > 0 if φ 0 ∈ R − . The deceleration parameter is positive: q = 2; thus, the solution is not inflationary. The scalar function h is growing since φ 0 < 0; and therefore, the function e φ is bounded in this model. (5) In this case, we consider the following fields: eff T µν = (m) T µν + (φ) T µν + (H) T µν ; that is, we are considering the matter field, the dilaton and the H-field. We have found the following solution:
noting that h 0 ∈ R iff γ ∈ (−1, 0.183) = I. In this interval, I, φ 0 < 0 and h 0 < 0, ∀γ ∈ I, while the energy density is also positive, ρ 0 > 0. Since we are taking into account the H-field, then we always obtain, a 1 = 1/3, from Equation (59), and therefore, the solution obtained is as not inflationary, since q > 0. In this solution, since φ 0 < 0, ∀γ ∈ I, then the function e φ is bounded, which is a desirable property for a physical solution. (6) We study the case where the effective stress-energy tensor is defined by the matter field coupled to the dilaton and its potential, i.e., eff T µν = (m) T µν + (φ) T µν + (V) T µν . The solution found is the following one:
We observe that all of the parameters depend on (γ, a 1 ). In order to analyze the solution, we assume that γ ∈ (−1, 1) and a 1 ∈ (0, 2), since we are only interested in the case t ∈ R + . In the figure (see Figure 1) we have plotted the region R of the space (γ, a 1 ) where the energy density is positive (the colored region). The red line stands for the border of this region, that is the set of points of (γ, a 1 ) where ρ 0 = 0, outside of R, ρ 0 < 0; and therefore, the solution lacks any physical meaning. Inside of R, we have marked four subregions, such that R = ∪ 4 i=1 R i (see Figure 1 ). In the following table, we describe the behavior of each quantity in each subregion R i :
Thus, subregions of physical interest are those where φ < 0, in order to get e φ bounded, which correspond to R 1 and R 4 , noting furthermore that in R 4 , we have obtained Λ > 0. We see that when a 1 > 1, the solution is inflationary, since the deceleration parameter, q = a −1 1 − 1 < 0, but if a 1 < 1, then the solution is not inflationary. Therefore, we may find a set of values for the free parameters (γ, a 1 ), such that ρ 0 > 0, Λ > 0 and φ 0 < 0, in such a way that e φ is bounded.
As an example, if we set a 1 = 0.6, then we find that ρ 0 = 0, if γ = 0.527; therefore, the solution is only valid in the interval: γ ∈ (−1, 0, 527) = I. In this interval I, we find that the parameters Λ and φ 0 vanish at γ = 0.1; thus Λ and φ 0 are negative if γ ∈ (−1, 0.1) and positive if γ ∈ (0.1, 0.527). To end, we note that q > 0, since a 1 = 0.6. (7) In the last model, we consider, eff T µν = (m) T µν + (φ) T µν + (H) T µν + (V) T µν , finding the following solution:
As is observed, since we are taking into account the H-field, then we have obtained that the parameter of the scale factor is: a 1 = 1/3. As in the above model, we have plotted the region (R) of the space (γ, h 0 ) (the space of free parameters) where the energy density is positive (the colored region in Figure 2 ) and inside of R have marked in yellow color the set of points, such that Λ < 0 (see Figure 2) . We have assumed γ ∈ (−1, 1) and h 0 ∈ (−2, 2). The red line stands for the border of R, that is the set of values of the free parameters (γ, h 0 ) where ρ 0 = 0. As is observed, φ 0 < 0, for all γ ∈ (−1, 1), in such a way that the function e φ is bounded at late times, but the solution is not inflationary, q > 0, since a 1 = 1/3. 
Models with a Bianchi Type II Metric
A Bianchi Type II (BII) metric is defined by (see [36] for details):
where the scale factors (a(t), b(t), d(t)) are functions on time t and K ∈ R. If K = 0, then the metric collapses to a Bianchi Type I (BI) metric. We emphasize that in order to obtain self-similar solutions, the scale factors must behave as a(t) = t a 1 , b(t) = t a 2 , d(t) = t a 3 , and the parameters of the scale factors must verify the following relationship: a 2 + a 3 = 1 + a 1 (see [36, 42] ). The FE for Metric (75) are as follows:
and the conservation equations:
and the matter conservation equation:
with θ = u µ ;µ , u µ = (1, 0, 0, 0). We recall that the physical quantities must behave as follows:
We go next to study the same models as the studied ones for the FRW metric, finding the following solutions.
(1) In the first of the models, that is eff T µν = (φ) T µν , we have found the next solutions:
i Under the self-similar condition (SSC) a 2 + a 3 = 1 + a 1 , we have obtained:
As is observed, this solutions belongs to the BIclass, i.e., there is no solution Type BII. Note that:
so the solution is inflationary iff a 1 > 1, but e φ is unbounded (t ∈ R + ). ii Since the above solution is not of Type BII, we relax the hypothesis of self-similarity and try to find a power-law solution, finding in this case:
which is of type BI. Note that if φ 0 = 2a 1 , then we recover the above solution. Therefore, there are no solutions of Type BII.
(2) In the second model, described by: eff T µν = (φ) T µν + (V) T µν , we have obtained the following solutions:
i By considering the SSC, a 2 + a 3 = 1 + a 1 , we get two solutions:
• The first of them is of type FRW:
• The second one is given by (Type BII):
As we may observed, all of the parameters are positive (a 1 > 0, when t ∈ R + ); thus, the function e φ is unbounded at late times (t ∈ R + ), and therefore, the solution has a limited physical interest. ii If we work without the SSC, then we get an FRW-like solution, i.e.,
which lacks any physical interest. 
note that a 1 = 0, so there is no BII solution for this model. T µν , we find that working under SSC, the solution lacks any physical interest, since:
note that a 1 = 0.
If we try to find a power-law solution, then we obtain an FRW-like solution given by:
with a 1 = a 2 = a 3 = 
If we do not consider the SSC, then we get an FRW-like solution. Therefore, there is no BII solution for this model. (6) In this model, the effective stress-energy tensor takes the following form: eff T µν = (m) T µν + (φ) T µν + (V) T µν , obtaining a unique solution of type BII, which is self-similar:
,
In Figure 3 , we have plotted the region (R) of the space (γ, a 1 ) where the energy density is positive and K 2 is defined (the colored area under the red line). The red line stands for the border of this region, that is the set of points of (γ, a 1 ) where ρ 0 = 0 and K 2 = 0, and therefore, the solution does not belong to the Class BII. Outside of R, ρ 0 < 0, and therefore, the solution lacks any physical meaning. Inside of R, we have marked four subregions, such that R = ∪ 4 i=1 R i (see Figure 3 ). In the following table, we describe the behavior of each quantity in each subregion R i :
As we may see, we have a very similar plot as the obtained one for the FRW metric (see Figure (1) ). Therefore, we may find values for the free parameters (γ, a 1 ) , such that ρ 0 > 0, φ 0 < 0 (in this way, e φ is bounded) and Λ > 0, obtaining a solution in agreement with the observations, but which is not inflationary, since q = 2(1 − a 1 )/(2a 1 + 1) > 0, ∀a 1 < 1. (7) For the last of the studied models, eff T µν = (m) T µν + (φ) T µν + (H) T µν + (V) T µν , we have found a unique solutions, which is the same as the obtained one for the FRW metric; thus, there is no BII solution for this model. 
Noether Symmetry Approach
In this section, we show how to reach similar results by using the method of the Noether symmetries [14] , that is we are interested in determining the form of the physical quantities by employing this tactic, and if it is possible, then to obtain a complete solution of the resulting field equations. Due to the complexity of the method, we only study a particular case by taking into account the dilaton φ and the potential V. Therefore, by taking into account the following action:
and the usual flat FRW metric given by Equation (56), so R = 6 H 2 + a /a , we find that the model is described by the Lagrangian, with Q = (a, φ) and TQ = (a,ȧ, φ,φ):
where we note that the Hessian determinant ∂q iqj L = 0. Therefore, the Euler-Lagrange equations yield (as we already know):
2φ tt + 6Hφ t − φ where H = a /a, and the first FE is equivalent to:
The infinitesimal generator of the Noether symmetry, i.e., the lift vector X is now written as:
where α, β are functions of a and φ and where:
The existence of the Noether symmetry implies the existence of a vector field X, such that:
where L X stands for Lie derivative with respect to X. If we calculate L X L = 0, then it yields (after simplifications):
obtaining the following solutions:
(1) Sol1:
(2) Sol2:
or:
so V = V 0 e nφ , as we have obtained in the paper through different methods.
Therefore, we have found three different symmetries, which lead us to three different cosmological scenarios with three potentials; constant, dynamical and vanishing.
We start by studying the solution Equation (112). Once we have calculated the symmetries, there are several ways to obtain a complete solution, i.e., to obtain the exact expression for the scale factor and the scalar function. The first of them consists of studying the conserved quantities, since the existence of the symmetry X gives us a constant of motion, via the Noether theorem. The constant of motion generated by Sol2 (Equation (112)) yields:
where the Cartan one form is given by θ L = ∂ȧLda + ∂φLdφ. If, for example, we set Q 2 = 0, then we get: φ = φ 0 ln a. Thus, we see that the existence of the Noether symmetry allows us to determine a complete integration. In the same way (see, for instance, [43, 44] ), we may observe that from the equation:
where ∂ȧL = p a , and by taking into account the E-Lequations, then L X L = 0 yields:
therefore, the conserved quantity yields: Q = αp a + βp φ ; so, in this case, we get:
If we set Q = 0, then we obtain:
by introducing this result into Equation (103), we get a(t) = t a 1 , as is expected, and therefore, φ = φ 0 ln t, which is the solution obtained through the matter collineation approach and the invariant solution obtained through the Lie group method. However, if Q = 0, then:
and taking into account the first of the FE Equation (103), we get the following solution for the scale factor:
As a final remark about the invariant solution, we can also consider that it is possible to find an invariant solution induced, for example, by:
which is the conserved quantity deduced previously. However, all of these solutions are particular solutions. Thus, in order to find the complete solution for the scalar function and the scale factor, we may consider the following method. We use X for finding a new set of variables, in such a way that in the new coordinates, the transformed Lagrangian is cyclic in one of them [14] . This is achieved iff, for z = z(a, φ) and w = w(a, φ), i X (dz) = 1, i X (dw) = 0, with α and β given by Equation (112), finding, for example (there are several solutions, and not all of them work well), the following one:
and therefore:
By rewriting the Lagrangian in the coordinates (w, z), it yields:
and therefore, the new E-L equations are:
finding in this way that:
and:
with
. Now, we recover the solution in the original variables (a, φ):
(128)
with C 1 = √ 3 − 1 ln 3. In order to get solutions with physical meaning, we need to impose the assumption (c i )
In the following plots (Figure 4) , we show the behavior of the scale factor a(t), the deceleration parameter q and the dilaton field φ(t). As we can see, the solution is inflationary, q < 1, showing furthermore an acceleration expansion at late times, while the dilaton (e φ ) is unbounded, but the potential function is decreasing since V = V 0 e mφ , with m = −( √ 3 + 1)/2 < 0. Compare this solution to the obtained one in Equation (68).
We would like to emphasize that for an adequate choice of the constants of integration, basically, we have obtained the following results:
which is, in essence, the same result as the obtained one in the previous sections. With regard to the first of the symmetries Equation (110), that is α = a, β = 3 and V = V 0 , following the same steps as above, we find that Q = αp a + βp φ ; therefore, −e −φ 6a 2ȧ = Q, finding in this way that:
but we are not able to obtain more information. Now, if we calculate the cv, z = z(a, φ) and w = w(a, φ), induced by the symmetry, we may find that: w = −3 ln a, z = ln a; so a = e z and φ = w + 3z. With these new variables, the Lagrangian yields:
in such a way that the new EL equations are:
finding that
where c 1 , c 2 are constants of integration, but we are only able to find a particular solution for w, w = w 0 , that is a constant. Calculating the inverse cv, we arrive at the following solution:
thus, this particular solution is quite similar to the obtained one through the Lie group method with the symmetry [a, 1] .
Conclusions
We have studied how to find the functional form of the physical quantities, V, h, φ and ρ, of the low energy string-inspired cosmological models by using several symmetry methods. We have proven, through the matter collineation approach (MC), the exact form that each physical quantity must take in the string frame; see Theorem 1. Therefore, we have proven that there exist self-similar solutions (SS) and how each physical quantity must behave in order for the FE to admit such a kind of solution. In the same way, we have formalized the use of power-law solutions (less restrictive than the self-similar ones) by studying the wave equation for the dilaton through the Lie group method (LG); see Theorem 2. Since we have not been able to find the general solution of the wave equation, then we have obtained the invariant solution induced by the imposed symmetry. This invariant solution coincides with the SS one. We have shown that the LG method is a powerful method to obtain the functional form of the unknown functions. In this paper, we have been more interested in obtaining solutions similar to the SS ones, but by imposing other symmetries, we are able to obtain other integrable solutions, as we have shown. In this case, the obtained solution is always inflationary, q = −1, and it verifies the T-duality property for the scale factor, while the potential is constant, that is V = V 0 .
As examples, we have calculated exact self-similar and power-law solutions to several string cosmological models by using two geometries, the FRW and the Bianchi Type II one. In these models, we have studied how each physical field affects the solution, that is we have studied several cosmological models in the four-dimensional NS-NSsector of low-energy effective string theory coupled to a dilaton and an axion-like H-field within the string frame background; Cases (1)- (7) .
In the FRW background, we have shown that, if we take into account the H-field, then the solutions are quite restrictive, since in Case (3), where the effective stress-energy tensor is defined by eff T µν = (φ) T µν + (H) T µν , we obtained imaginary solutions, while in the rest of the cases studied, the h-equation, that is Equation (59), brings us to get a 1 = 1/3, that is the exponent of the scale factor only takes this value. Nevertheless, we have obtained two solutions (see Cases (6 and 7)) that are interesting from the physical point of view, since in these cases, we have obtained ρ 0 > 0, φ 0 < 0 (in this way, e φ is bounded) and Λ > 0. Furthermore, in Case (6), we may find values for the free parameters in such a way that the solution is also inflationary.
In the case of Bianchi Type II geometry, we have shown that there are only two self-similar solutions, which correspond to Cases (2) and (6), where Case (6) could be of particular physical interest, since in it, we found that the solution gives e φ bounded at late times, with Λ and ρ positive. The rest of the obtained solutions under the self-similar hypothesis are unphysical, since the exponent of the scale factor a(t) = t a 1 is equal naught, a 1 = 0. Therefore, the self-similar condition is very restrictive. By working under the power-law hypothesis (less restrictive than the self-similar one), we have shown that all of the obtained solutions collapse to the obtained ones with the FRW geometry, except in Case (1), where the solution belongs to the Bianchi I class.
We have also studied the existence of Noether symmetries in the particular case of the FRW geometry, finding three symmetries with different potentials, constant, dynamical and vanishing. In the first of the studied cases, with a dynamical potential, we have shown that the conserved quantity induced by this symmetry brings us to obtain the same result as with the MC and LG (power-law solution) methods. However, in this case, we have been able to obtain a complete solution to the E-L equations through the change of variables method. This solution is inflationary and has an accelerated expansion at late times without any transition to a decelerated era, and for a suitable choice of the constants of integration, it may collapse to the obtained one through the previous symmetry methods, that is the MC and LG methods. In the second studied symmetry, we have shown that this solution (particular solution) is very similar to the obtained one through the LGM (second solution). This solution verifies the T−duality symmetry property and has a constant potential, and it is always inflationary, since the deceleration parameter q = −1. Nevertheless, this method has some drawbacks in comparison to the other ones. The Noether method is only applicable to one geometry (for example, FRW), while with the other tactics, we have been able to get general results valid for any Bianchi geometry and the FRW one; so, it is necessary to study case by case. Noether's method also depends on many change of variables, but not all of them bring us to get correct solutions from the physical point of view. The matter collineation approach is maybe the simplest one, but as we have shown with the examples, not all of the self-similar solutions have physical meaning, since we have obtained some complex solutions (where the numerical constants belong to the complex numbers).
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Appendix A. Matter Conservation
In this Appendix, we prove that the matter conservation condition is verified for the field equations. We recall that FE in the string frame reads: 
